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Abstract

We study the stability of flow in a heated capillary tube with an evaporating meniscus. The behavior of
the vapor/liquid system, which undergoes small perturbations, is analyzed by linear approximation, in the
frame of a one-dimensional model of capillary flow, with a distinct interface. The effect of the physical
properties of both phases, the wall heat flux and the capillary sizes, on the flow stability is studied. The
velocity, pressure and temperature oscillations in a capillary tube with a constant wall heat flux or a con-
stant wall temperature are determined. A scenario of a possible process at small and moderate Peclet num-
bers corresponding to the flow in capillaries is considered. The boundaries of stability, subdividing the
domains of stable and unstable flows, are outlined, and the values of geometrical and operating parameters
corresponding to the transition from stable to unstable flow are estimated. It is shown that the stable cap-
illary flow occurs at relatively small wall heat fluxes, whereas at high ones, the flow is unstable, with con-
tinuously growing velocity, pressure and temperature oscillations.
© 2004 Elsevier Ltd. All rights reserved.

1. Introduction

We study the stability of capillary flow when a liquid is heated and evaporated at a meniscus.
This problem is important in the context of cooling systems of electronic devices. A growing num-
ber of designs in MEMS with high power density require an insight into the mechanism of com-
plex processes in heated micro-channels. The latter includes a number of problems related to
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hydrodynamics of laminar flow developed under conditions of inertia, friction, gravity and cap-
illary forces interaction, heat transfer, as well as phase change. This stimulated numerous exper-
imental and theoretical investigations in the field of micro-channel flows. The studies in the last
decade concern a wide class of problems connected with single phase flows (Tuckerman and
Pease, 1981; Tuckerman, 1984; Wiesberg et al., 1992; Wang and Peng, 1994; Wu and Little,
1984; Bailey et al., 1995; Peng et al., 1994; Peng and Peterson, 1995; Adams et al., 1998; Incropera,
1999), boiling nucleation and bubble growth in narrow pipes (Peng et al., 1998; Yuan et al., 1999;
Ory et al., 2000; Peng et al., 2001), pressure drop and heat transfer in two-phase flows (Morijama
and Inoue, 1992; Peng and Wang, 1993; Bowers and Mudawar, 1994; Sobhan and Garinella,
2001). At the same time, there is a paucity of theoretical studies dealing with a capillary flow with
phase change at an evaporating meniscus. In spite of the fact that such flows are interesting in
connection with their possible implementation in cooling systems of electronic devices.

The stationary regimes of capillary flows with a distinct meniscus separating the regions of liquid
and vapor flows have been considered by Khrustalev and Faghri (1995) and Peles et al. (1998, 2000,
2001). Recently Yarin et al. (2002) investigated in detail the features of a two-phase laminar flow in
a heated micro-channel and revealed the effect of inertia, pressure, gravity and friction forces on
major flow characteristics. It was shown that, in the general case, the system of equations that de-
scribes the capillary flow has three solutions corresponding to stationary regimes of flow. The anal-
ysis of stationary states performed in the quasi-stationary approximation (an approach similar to
Semenov’s diagram method) showed that two of these states (“upper” and “lower” corresponding
to high and low velocities, respectively) are stable, whereas the intermediate one is unstable. The
stationary or quasi-stationary approximations should be considered as limiting for the solutions
of the unsteady problems for infinite time intervals. However, approaches ignoring the dynamics
of the transient processes leading to steady states, should be supplemented by stability considera-
tion. Indeed, only stable steady states can become attractors of the transient processes. This makes
stability studies of the limiting steady states extremely important.

The main goal of the present work is to study the stability of a flow in a heated capillary, with
liquid evaporating at a meniscus. The study consists of the problem formulation, analysis of the
influence of the physical properties of the liquid and its vapor, and wall heat flux, on velocity,
pressure and temperature oscillations in capillary flows, as well as the stability of the flow at small
and large Peclet numbers. Section 2 deals with the pattern of capillary flow in a heated micro-
channel with a phase change at the meniscus. The perturbed equations and conditions on the
interface are presented in Section 3. Section 4 contains the results of the investigation on the sta-
bility of capillary flow at a very small Peclet number. The effect of capillary pressure and heat flux
oscillations on the stability of the flow is considered in Section 5. Section 6 deals with the study of
capillary flow at a moderate Peclet number. The perturbed equations and conditions on the inter-
face are derived in Appendix A. Approximate energy equations, corresponding to flow with very
small and moderate Peclet numbers, are presented in Appendices B and C.

2. Capillary flow pattern

Here we deal with the stability of flow in a heated capillary tube when a liquid is evaporating at
the meniscus. The capillary, as shown in Fig. 1, is a straight vertical pipe with diameter d and
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Fig. 1. Schematics of a heated micro-channel (arrows show flow and heat flux directions).

length ¢. The wall heat flux is uniform: ¢y, = const. The thermal conditions on the capillary inlet
and outlet are:

(i) Tpi, = const., the average liquid temperature 7y at x = 0.

(i1) (%) = 0, the average vapor temperature gradient at x = /.
Here and hereinafter subscripts G and L denote vapor and liquid, respectively, ‘in’ and 0 the inlet
and outlet of the capillary tube, respectively.

These conditions correspond to, certain design of the cooling system, namely, a micro-channel
with a cooling inlet and adiabatic outlet (Yarin et al., 2002).

The wall heat flux is the cause for the liquid evaporation, and perturbation of equilibrium be-
tween the gravity and capillary forces. It leads to the offset of both phases (heated liquid and its
vapor) and interface displacement towards the inlet. In this case the stationary state of the system
corresponds to an equilibrium between gravity, viscous (liquid and vapor), and capillary forces.
Under these conditions the stationary height of the liquid level is less than that in an adiabatic
case

Xr < Xfad = cosf (1)

rpLg

where x; and xf.q are the height of the liquid level in a heated and adiabatic capillary tube,
respectively, ¢ is the surface tension coefficient, r is the radius, py is the liquid density, g is the
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acceleration due to gravity, and 0 is the static contact angle as measured from the liquid side of the
contact line.

Unlike at adiabatic conditions, the height of the liquid level in a heated capillary tube depends
not only on o, r, p1. and 6, but also on the viscosities and thermal conductivities of the two phases,
the wall heat flux and the heat loss at the inlet. The latter affects the rate of liquid evaporation and
hydraulic resistance of the capillary tube. The process becomes much more complicated when the
flow undergoes small perturbations triggering an unsteady flow of both phases. The rising veloc-
ity, pressure and temperature fluctuations are the cause for oscillations of the position of the
meniscus, its shape and, accordingly, the fluctuations of the capillary pressure. Under a constant
wall temperature, the velocity and temperature fluctuations promote oscillations of the wall heat
flux.

3. Perturbed equations

In this section, we present the system of quasi-one-dimensional equations, describing the unstea-
dy flow in the heated capillary tube. They are valid for flows with a weakly curved meniscus when
the ratio of its depth to curvature radius is small enough. The detailed description of a quasi-
one-dimensional model of capillary flow with distinct meniscus, as well as the estimation condi-
tions of its application for calculation thermohydrodynamic characteristics of two-phase flow in
a heated capillary, are presented in the works by Peles et al. (2000, 2001) and Yarin et al.
(2002). In this model the set of equations including the mass, momentum and energy balances is:

Op;, Opu;
i it _ 2
ot ox 0 2)
@ui + @ui o aP, aFl (3)
Pi ot pili o ox P& ox
ahi ahl . a aTl
Pia‘i‘Pi”ia—a(lia)-Fq 4)

where p, u, P, h and T are the density, velocity, pressure, enthalpy and temperature, respectively, ¢
is the specific rate of volumetric heat absorption, F'is the specific friction force, and the subscripts
i=G,L correspond to vapor and liquid, respectively.

The conditions on the interface express the continuity of the mass and heat fluxes and the equi-
librium of all acting forces (Landau and Lifshitz, 1959). In the frame of reference associated with
the interface they are

pcVe=p VL (5)

~2 ~2
PG—i-pGVG:PL—l-pLVL—l—fg (6)
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where Ve = d(f‘\

fo = % 1s the capillary pressure, R =
mal conduct1v1ty

In the disturbed case, the governing parameters are the sum of their basic values plus small
perturbations

J=J+J (8)

where J is the basic value of the parameter corresponding to the stationary flow, J’ is the small
perturbation of the parameters, | 17' |« 1,J=p,u, P, T, h, xq, f, and q.

In capillary flow with a distinct meniscus separating the regions of pure liquid and pure vapor
flows, it is possible to neglect the change in the densities of the phases and assume that p; and pg
are constant.

In this case, the linearized equations for small perturbations of the velocity, pressure, temper-
ature, enthalpy, capillary pressure, wall heat flux, as well as the interfacial position that are ob-
tained from Eqgs. (2)—(4) and conditions (5)—(7) are (see Appendix A)

is the velocity of the interface 7 =u, -V is the Velocity relative to the interface,
1s the ther-

ou;

=0 9)
ou, 1 (0P, OF)

E___<6x+6x> (10)
or,, T, , 0T, 0 ( or) (an
o Y Y T\ )

and

— / — — dx/

(pGuG - pLuL)x:xf = (p ) dt (12)
(P = PL) oy, = 20000 (1, — tg)_yy + /1 (13)

/
f

pri (g —hy),_, + (Pchcug — PLELM/L)X:Xf — (pghc — ﬁLEL)x:xf a
L or

Fox

(14)

X=xg X=xg

where o is the thermal diffusivity, g; = %, ¢, 1s the specific heat, ¢’ =0 and ¢’ = ¢'(¢), apply,
respectively, to the situation of a constant wall heat flux and a constant wall temperature. The
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terms ¢, and f account for the oscillations of the wall heat flux and capillary pressure due to the
velocity fluctuations. The latter lead to the changing of the fluid temperature and heat transfer
coefficient, as well as the contact angle that controls the radius of the meniscus curvature, which
controls the pressure under the interface.

The solution of Egs. (9)—(11), subject to the conditions (12)—(14), determines the displacement
of the interface in time, as well as the evolution of the velocity, pressure and temperature
oscillations.

4. Flow with small Pe
4.1. The velocity, pressure and temperature oscillations

The estimations (Appendix B) enable us to disregard the minor convective effects, and to con-
sider the problem in the framework of pure conductive approximation. Neglecting, in Eq. (11), the

term u;aa—z‘ and ﬁ,aa—z we reduce the problem to
or, T,
o e T (15)

where « is the thermal diffusivity.

First we restricted ourselves to considering a particular case of flow in a capillary tube with
qw = const. (¢’ = 0). We also neglected the change of the capillary pressure through the changes
of the contact angle, due to the motion of the meniscus. Accordingly, we assume that /. = 0 in
condition (13).

To determine the velocity, pressure and temperature oscillations we use Eqgs. (9), (10) and (15).
From Eq. (9) it follows that:

u' = (1) (16)

Thus, the velocity oscillations, in the flow of an incompressible fluid, depend only on time, i.e. the
liquid and vapor columns move in the capillary tube, on the whole, similar to a solid body. Bear-
ing this in mind, we present the solution of Eq. (9) as follows:

u, = A;exp(Qt) (17)

where A is the amplitude of the velocity oscillations, Q = & + || is the complex frequency, & and
Y are the growth rate and frequency of the velocity oscillations.
The specific friction force F; in laminar flow is expressed as (Yarin et al., 2002)
32
Fi:?/,tiuix (18>
where d is the diameter of the tube, and u is the viscosity.
In accordance with Eq. (18), the oscillations of F; are

32
F: :?uiu;x (19)
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Taking into account Egs. (17) and (19), we can present the pressure oscillations as follows:
P] = 4, fi(x) exp(20) + a, (20)

where f,(x) is some function of x, and the parameter a; = af1).
From a dimensional consideration, it is necessary to assume that the derivative of the function
f(x) is constant: f/(x) = k;. Substitution of expressions (19) and (20) in Eq. (10) gives

ki:_<z_§w+g> (21)

where v is the kinematic viscosity.
The parameter g, is determined by using the conditions

x =0, Pi = Pi.in <22)

x=1{ Pg;=Pg;, (23)
As a result we obtain

ag = Pg, — pAckal exp(Qt) (24)

aL =P, (25)
The oscillations of the phase temperatures can be presented in the following form:

7= a2 o) explen) (26)

CPIML

where ¢, is the latent heat of the liquid vaporization, u; = @y j, is the liquid Velnocity in the station-
ary flow regime, and ¢(x) is some function of x that satisfies the condition “;(—S‘)) = const.
Assuming that ¢{x) = exp(n;x), we obtain

T = A,(CZ; L) exp(nix* + Qt) (27)
where x* =x — X;, n = ik,, k. is the longitudinal component of the wave vector k (k. # 0,
k,=k.=0).

The substitution of expression (27) into Eq. (15) gives
o\ 2

Assuming that the temperature oscillations that are due to the displacement of the interface de-
crease far from X, the sign in front of Eq. (28) is positive for phase L and negative for phase G.

The oscillations of the meniscus position x; depend only on the time and are expressed as
follows:

xp = Cexp(Qr) (29)

where C is the amplitude.
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4.2. Dispersion equation

We transform Eqgs. (12)—(14), assuming that the difference between outlet and inlet pressure
oscillations is P, — Py, = pgAckclexp(Qr). As a result we obtain the dispersion equation in
the following form (Appendix C):

Y +3Py+2¢. =0 (30)
where y = Q"% + %, and

20 b, d,
e T (31)

2. = _
7 27a3  3a?  a.

3a.c, — bi
3P, = g (32)

The solution of Eq. (30) is given in Appendix D. The expressions for the growth rate and fre-
quency of the oscillations have the following form:

2
— @ b\ a1 0@
é&= <r* cosh 3 3a*> 3risinh 3 (33)
B ¢ b P
| o |= ‘4<r* cosh 3 3a*> V/3r, sinh 3’ (34)

for the case ¢> + P} > 0, P, <0 and

2
_ . 9 _ b* o 2 29
é&= (r* sinh 3 3a*> 3ricosh 3 (35)
_ inh 2 _ > 4
o |= ‘4(;@ sinh 3 3a*> V/3r, cosh 3’ (36)

for the case P. > 0.
4.3. Analysis of the solution

First we estimate the values of the coefficients a., b., ¢. and d. for realistic physical values of the
characteristic parameters (Table 1).

Taking into account the data in Table 1 it is possible to simplify significantly the expressions for
the coefficients a.., b., c¢. and d,

a, ~ ocgzocil (37)
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Table 1
Phase characteristics (saturated state 7= 100°C) (Vargaftic et al., 1996)
Phase parameter  p [kg/m’]  u [kg/ms) A/smK] ¢, [J/kgK] v [m%/s] o [m?/s] P,
Water 958.4 282.5x107°  0.679 42x10° 0.295x10°°  16.8x 1078 1.75
Vapor 0.598 1228x107%  25x1072  2.135x10*  20.53x107° 19.58x107®  1.05
Uy
b, ~pc— (38)
oL
32 i 1
C*i’—{—d—VG+2pLGO‘LG_}—;— (39)
32 ug
d,~—=v,— 40
* dz L o PLG ( )

For the study of flow stability in a heated capillary tube it is expedient to present the parameters
P. and ¢. as a function of the Peclet number defined as Pe = “Ld . We notice that the Peclet number,
in a capillary flow which results from liquid evaporation, is an unknown parameter, which is
determined by solving the stationary problem (Yarin et al., 2002). Employing the Peclet number
as generalized parameter of the problem allows one to estimate the effect of physical properties of
phases, micro-channel geometry, as well as wall heat flux, on the characteristics of the flow, in
particular, its stability.
Using Eqgs. (37)—(40) and (31) and (32), we obtain

P, = A,Pe* +B.Pe + C, (41)
q. = A,.Pe’ + B..Pe* + C..Pe (42)
where
1 oy

A, =— 9pLGd2 LG

2 120(L1
B, =— 3PLG L/Gdz =

C. 21320& 1/2
&’

Pr
3 G
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Xy

Xr = d

The form of the solution of the dispersion equation (30) depends on the sign of the determinant
D =g+ P, i.e. on the values of the characteristic parameters ¢, and P,. The latter are deter-
mined by the physical properties of the liquid and its vapor, as well as the values of the Peclet
number. This allows us to use ¢. and P, as some general characteristics of the problem considered
here.

The dependence of P.(Pe) and g.(Pe) is shown in Fig. 2. P.(Pe) is a parabola with an axis
of symmetry line Pe =0. Since the Peclet number is positive, for any value of the operating
parameters, the physical meaning is that only for the right branch of this parabola, which
intersects the axis of the abscisa at some critical value of the Peclet number: Pe = Pe... The
vertical line Pe = Pe., subdivides the parametrical plane P, — Pe into two domains, correspond-
ing to positive (Pe < Pe,) or negative (Pe > Pe.;) values of the parameter P.. The critical Peclet
number is

P*,q* A

Fig. 2. The dependences of P.(Pe) and ¢.(Pe). (Dotted line) Pe = Pe.,, I domain, Pe < Pe.; 11 domain, Pe > Pe,,,
1 — critical point, 2 — ¢, =0.
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1 1\* 32
Pey = 302 —;fi\/<xf> +5 03 Prg (43)

Taking into account that Pe., > 0, we should choose the positive value for the radical in Eq. (43).
For very small and large x; the following estimates for the critical Peclet number are valid:
Pey. ~ 16° GLPerf, % <4x 107 and Pe, = pJ—Prle2 2}/4“ Xr = 4 (X; is the dimensionless liquid
height in “the stable state). In both cases the errors in the calculation Pe., do not exceed 5%.
The dependence of the critical Peclet number on the dimensionless meniscus position X; is plotted
in Fig. 3. An increase of the wall heat flux, which is accompanied by a shift of the interface to-
wards the capillary tube inlet, leads to decreasing Pe... At small enough ¢, (large X;) Pe.. ap-
proaches its asymptotic value (Pey),, = V960 Prel’.

The curve ¢.(Pe) is a cubic parabola, which passes through the point O(0,0). Since the Peclet
number is positive, the physical meaning has the falling and rising branches of ¢.(Pe), which are
located on the right part of the parameter plane g. — Pe.

Bearing in mind the characteristics of the dependences of P.(Pe) and ¢q.(Pe), we estimate the
growth rate of the oscillations in the vicinity of the two characteristic points: Pe = 0 and Pe = Pe,,.

(a) Pe=0. In the vicinity of this point P, is close to C.> 0 and g¢. is close to zero. Then
sinh ¢ = l;’v ~0, ¢ ~0,sinh§~ 0, cosh§ ~ 1. Since % =0, at Pe = 0, we obtain

E=-3P, = 32d—Lo<g2LPrG (44)

Thus, at small Pe, the growth rate of the oscillations is negative and the capillary flow is stable.
The absolute value of ¢ sharply increases with a decrease of the capillary tube diameter. It also
depends on the thermal diffusivity of the liquid and the vapor, as well as on the value of the Pran-
dtl number.

(b) Pe = Pe.,. In the vicinity of this point, the parameters P, and ¢.. are P, ~ 0, g. # 0. Bearing
in mind that the sign of the parameter ¢, is the same as that of the parameter r., we find that ratio
%> 1 and ¢ >> 1 in the vicinity of the point Pe = Pe,,. In accordance with that, at large ¢

sinh% = cosh% = % (sinh )" = % <%> " (45)

Pe
02 f=======g---------m--———-o——----o--
016 4  (Fecim
0.12
0.08
0.04

0 : : : : .

0 0.1 0.2 0.3 04 % 05

f

Fig. 3. The dependence of Pe., (Xr).
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Substitution of (45) in Eq. (35) leads to the following expression for the growth rate of the
oscillations:

2
2/3 b, 02/3
Ty (I_Ta*ﬁ - (46)
Since ¢?/3 > 0, the sign of the growth rate is determined by the difference of the terms in the
bracket of Eq. (46): (i) (1 — N)*>>3, ¢>0, (ii) (1 — N)> =3, ¢ =0, (iii) (1 — N)*> <3, £ <0, where
N=4520
g,

The behavior of the growth rate and the frequency of oscillations of flow parameters in the

2/3
vicinity of the critical point is illustrated by Fig. 4, where the dependencies é(f) = f(xr) and
1 W _

2 5= ¢(%¢) are plotted. It is seen that there are three ranges of changing meniscus position,
which correspond to stable and unstable regimes of the flow. At small enough wall heat fluxes,
when x; > Scﬁl), the growth rate is negative and the flow in the capillary is stable. An increase of
the wall heat flux is accompanied by a displacement of the meniscus towards the inlet
(X ~ 1/q,,), and a decrease of the absolute value of £. In the vicinity of the point chl), sharp growth
of ¢ is observed. The latter leads to a change of the sign of the growth rate and to the transition
from stable to unstable regime. At large heat fluxes when the meniscus reaches the inlet, the
growth rate sharply decreases and becomes negative. The flow stabilization at X; < %f) is due
to intense heat transfer to the cooling inlet, when the meniscus position and rate of evaporation
weakly depend on ¢, (Yarin et al., 2002).

It will be noted that applying the present approximation for the analysis of the stability of cap-
illary flow at high heat fluxes corresponding to domain 0 < X < 5c§2) is purely symbolic, since the
general assumption that Pe < 1 is not valid at large gy,. Thus, in the case considered here, only
stable stationary (x; > 54”) or unsteady (x; < ﬁ”) flow occurs in the capillary tube. The above
is also related to the frequency of oscillations. At physically realistic X;(X; > 1) only low-frequency

2/3

=
B

17
5.0 - & <x, <))
I
4.0 4 (%, <&®) (x>
3.0 | ,
2.0 lr \

1.0 RS

=(2) -
XU X ~—o

1 I\ = Tt meemeo____._. X
0.0 > i - ; ; T f

10 0.04 0.08 0. 0.16 0.2 0.24 0.28

-2.0

Fig. 4. The dependences of the increment (solid line) and frequencies (dotted line) of oscillations on X; in the vicinity of
the critical point.
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~ .
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______ >
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Fig. 5. The dependence &(Pe): (1) domain of stationary steady regimes of flow; (2) domain of unsteady states Pe = Pe,,
point of transition stable to unstable flow regime.

oscillations occur (as estimations show the order of these oscillations does not exceed 10 Gz). The
dependence of the growth rate on the Peclet number (moderate ¢,) is shown in Fig. 5. It is seen
that at small Pe (small enough g,,), the flow is stable. An increase of the wall heat flux leads to an
increase of the rate of evaporation, growth of the Peclet number, development of flow instability
and transition (at Pe = Pe,;) from stable to unstable flow.

5. Effect of capillary pressure and heat flux oscillations

In this section, we analyze the influence of the pressure in the capillary and the heat flux fluc-
tuations on the stability of laminar flow in a heated capillary tube. All the estimations performed
in the framework of the general approach and developed in the previous section are also kept in
the present cases. Below we will assume that the single cause for capillary pressure oscillations is
fluctuations of the contact angle due to motion of the meniscus, whereas heat flux oscillations are
the result of fluid temperature fluctuations only.

5.1. Capillary pressure oscillations

The present analysis is based on the assumption that the interfacial temperature 7 is constant
and the capillary pressure is determined by the following expression:

2
fo = 70 cos 04 (47)

where 604 is the dynamic contact angle.

Assuming that the dynamic contact angle 64 is a sum of its basic value corresponding to sta-
tionary flow 0y and small perturbation 6’ we arrive at the following relation for the fluctuation
of capillary pressure:

, 20 P .y
fl= — (cos Oy cos ' — sin O sin ') (48)

a



1434 G. Hetsroni et al. | International Journal of Multiphase Flow 30 (2004) 1421-1449

For a system in which the contact angle is close to 90° (for example, the water—steel system:
70° < 04 <90°, (Grigoriev and Zorin, 1982)) it is possible to assume that cos 0y ~ 0, sin Oy ~ 1
and sin @' ~ 0. Then Eq. (48) takes the following form:

== (49)
r
There are a number of theoretical and experimental relations determining the dependence of the
dynamic contact angle on flow velocity (Dussan, 1979; Ngan and Dussan, 1982; Cox, 1986; Blake,
1993; Kistler, 1993). Hoffman (1975) expressed the dynamic contact angle as a function solely of
dimensionless parameters: capillary number Ca

04 = f(Ca) (50)

where Ca = £~
We estimate the effect of the velocity fluctuations on the capillary pressure, using the Hoffman—
Voinov-Tanner law which is valid at 63 < 135 and Ca < 0 (0.1)

0, =Cr—Ca (51)

where Ct 2293, 04 is in radians.
From Eq. (51), we obtain

;o 1 .uLui ppur 23
=3Pt (o) (52)

Taking into account that uy = u + »; and u; < uy, we arrive at the following relation for cap-
illary pressure oscillations:

2 Uiy -3
=2 L(CT— ) (53)

3 7 o
From (17), (20) and (51) we transform Eq. (13) to the following form:
Ag&gl +ALOC;2 =0 (54)

where &5, = —(kLp X + 2ppuL +¢), € =25(Cp — %)72/3, dy; 1s the same as ay; in Eq. (30).
Then the dispersion equation for the problem considered here takes the following form:

O21030 — O3y 021 = 0 (55)

The equation can be presented as follows:
a PP +b.Q+20+d, =0 (56)

where the coefficients a. and b. are the same as in Eq. (C.5) (Appendix C) and the coefficients c.
and d, are
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_ 32 12 uy, 12 PGﬂgi 1
= — < —— 1 - 2 — 11— — L 57
¢ { 7 va( VLGS L) T 2PLG % < PGLY% .G — ¢ 25, N (57)
~ 32w w e 1 }
d,=—<—=Svg— (1 —v — L — 58
L IERASEYPL LS. (58)

Approximate expressions for the parameters ¢, and d, corresponding to realistic values of oper-
ating parameters are

: 2 o pperrei) | (59)
G~ — == — |1 —-e=2==5
d2 G PLG Xr 2pLuL \/&]_j

~ 32 a woe 1
d, ~ ?VLEPL.G - PL.G_L

oL pLuL X
Using Eqgs. (31) and (32) as well as expressions (37), (38), (59) and (60) it is possible to transform
the dependencies P.(Pe) and q.(Pe) to the canonical form similar to Eqgs. (41) and (42) with coef-
ficients A., B., C, and A.., B.., Csx.

1 2 1 PGLIL 3201 112
A, = _§pi.GaL.G7 B, = —gpLsdiez (1 - 8ZJL—ESL ;o Co= 3 preLfLe

(60)

1 1 1 5 g
A= 2 32 32 B. =3 3/2 Y
7P PLc%.Gg%L PGL —dg)}f LGl | PLG ) dGL DL

32 1
C.. = EPL.GP’”LCXIL/.éO‘i/2 (1 - §P"G4L0<1L/.é>

In the domain of a very small Peclet number the growth rate of flow oscillations is negative at any
values of flow parameters. In the vicinity of the critical point (Pe = Pe.., P.~0) the sign £ is
determined by Eq. (46). An increase in ¢ (at other fixed parameters) leads to an increase if the crit-
ical value of the Peclet number and expansion of the domain of stable flows.

5.2. Heat flux oscillations

There are two causes for oscillations of the heat flux, with 7y, = const. (i) fluctuations of the
heat transfer coefficient due to velocity fluctuations and (ii) fluctuations of the fluid temperature.
At small enough Reynolds numbers the heat transfer coefficient is constant (Bejan, 1993), whereas
at moderate Re (Re ~ 10?) it is a weak function of velocity (Peng and Peterson, 1996; Incropera,
1999; Sobhan and Garinella, 2001). Bearing this in mind, it is possible to neglect the influence of
velocity fluctuations on the heat transfer coefficient and assume that heat flux fluctuations are ex-
pressed as follows:
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q,, = —hT, (61)

where /; is the heat transfer coefficient for stationary flow of the ith phase.
Using Eq. (15), as well as Eqgs. (23) and (61) we obtain

Q+Qai

A

n; =

where Q,; = ﬂ“%

Using expressions (21) and (62) we transform Eq. (C.4) (Appendix C). Bearing in mind that
h; = 2;% and Q”’ = 4% we arrive at the equation

—<—VG+Q>\/ \/ ( VG+Q>‘N3+N4
S —vL+Q 1/—+4 M+ ,/—+4 - —vL+Q)'M3+M4 (63)

where
Ny = peXon, Ny =2ppuror, N3=—pgXiii, Ny=—=2pu;, M= pXoGpGy,
My =2p i acpGyr, Ms=—p X, Ms=—2p i

Eq. (63) shows that the effect of heat flux oscillations is not significant in micro-channels with a
large diameter when the term 4% is small enough.
Presenting the complex frequency as

Q=<C+ily | (64)

we arrive at two equations that determine the increment and the frequency of oscillations

— fiFoN1+ Y| ¢N| + FaNy — fiN3 + Ny — foF 1M,
+ Y| oMy — FiMy+ M3 — My =0 (65)

— Y| FaNi = fdoN1 + ¢oNo— || N3+ Na— || F1M,
— oMy — g Mr— || M3 — M4 =0 (66)

where

1
Fi=—=\/\/@+ b} +a,

\S)
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32
.fi = ? Vi + éa
Ni
a; = é +4 _zl )
o d
, L
oy
Consider the particular case corresponding to low frequency. Assuming b ~ 0, ¢ ~ 0 and F; ~ a} /2
we arrive at the following equation for growth rate of oscillations at yy — O:
—fGai/le + alL/zNz —fGN3 +N4 —fLalL/le - alL/zMz +fLM3 - M4 =0 (67)

Transforming Eq. (67) we obtain

NMI/ZOCLAG(PL.G — 2)
XePry,

d*Nu'*(1 + og.L)

i = {32NMI/Z(VG_L + OCG.L) — Pe + 32P’”L<VGAL - 1):| }

(68)

At small Pe (Pe — 0), the growth rate is negative and the flow is stable whereas at relatively large
Pe the flow is unstable: £ > 0. Assuming in Eq. (68) £ = 0 and taking into account that p; g < 1,
vp.g > 1 we find the value of the Peclet number corresponding to transition from stable to unsta-
ble flow

Nu'PPr (v + oGL)

Nul/?
- oLGPLG T VerPro

Pe,, =

(69)

It is seen that the Peclet number corresponding to transition from stable to unstable flow de-
creases with an increase in the wall heat flux (decreasing %¢). The increase of the Nusselt number
leads to an increase in Pey,.

6. Moderate Peclet number

The perturbed energy equation for a moderate Peclet number has (at ¢’ = 0) the following form
(Appendix E):

T oT! T
=5 (%) (70)

o ox  ox \ ' ox

Assuming, as earlier, that u/, P’ and T are determined by Egs. (17), (20) and (22) we find &; and »;

k- _(§+g) (71)
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1 [ TAN0)
===+ s 4=
= (OCi <OC,'> + OCi) (72)

Substitution of expressions (80), (81) in Eq. (C.4) (Appendix C) leads to the dispersion equation
32 1 [ AN 1 [ AN
—(Zve+ @)= [ L () a2 Vs [ () 142N,
d 2 o, oL, oy, 2 o, oL, oy,

32
— <?VG+Q>N3 +N4 =

_ — 2 _ —_ 2
S = ) Y B o) RIS YRR L SR <) RPRLEN VA
d 2 oG aG oG 2 odG oG oG

32
- <?VL+Q>M3 +M4 (73)
By transforming this equation, we obtain
A°+B*Q°+ C°Fg(Q°) + DFL(Q°) + E*Q°[FL(Q°) + pLcFa(2°)] =0 (74)
where

. N
A° = (1 — g g)Pe + 2N_?0‘(1 — PLGVLG)
B* = Pe(l — p )

4> N,
C*=— Pe( 1 —=
VG.LPLG €< + g N1>

D' =—Pe(1+ & N
= —re —_—
32VG N1

E* = Pe

Fg(Q°) =+/1+p,Q°
FL(Q) = 1+ B

PI‘G HG
By = 128§aé.LpG.L; By = 1280‘G.L§
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32y,
dimensionless frequency and increment of oscillations

o C. o] D. O
A° + B¢ +\72\/ aj’2+b12+aj’+7§\/\/a§2+b22—ai’
E.éo \/ 2 2 \/ 2 2
+ as + by +as+ as + b —a
\/Z { 2 ) 2 TPLG 1 1 1

E.|¢O| o 02 o o o2 o
2 {\/Va22+b2 _az_PL.G\/\/a12+b1 —al}:0 (75)

Assuming Q° = &° + i|y°|, where & = ¢4 y° = lﬁ% we obtain from Eq. (74) two equations for

and

1] o C. o o o D. 02 O o
B |y |+ﬁ\/ a12+b12—a1+7§\/\/a2 +b5 —a
E. o
+ \'}2” '{\/\/a32+b§2—a3+pLG\/\/a?2+bT2—ai}
E* |y
+ \% |{\/\/agz+b§2—|—a§+pLAG\/\/a‘f2+b‘f2+a‘f}:0 (76)

where af =1+ $,&°, a5 =14 B,E, by =P, [y |, b5=0, | ¥° |
Using Eq. (75) we estimate the increment of oscillations for low frequencies (|}y°| — 0). Assum-
ing in Eq. (75) b; — 0 we arrive at the equation

ol/2

A +BE+CE" +BE@” + pLgal”) =0 (77)

To find the solution of Eq. (77), we use an approximate expressions for the coefficients 4°, B*, C*
and E°. The characteristic values of the operating parameters are

Pe 1
A= gPe>0, B =—p gPle<0, C"= —VG.LPL4GP€<1 + PLGHLG B ;) <0,
G X

E*=Pe>0

Consider three particular cases corresponding to very small and large values of £°: (i) £° < 107°,

(i) £ < 107>, (iii) &° > 10% In the first case a‘fl/2 ~1, ag‘” ~ 1 and the solution of Eq. (77) is

B A°+C*
B*+E*(1+pLg)

¢ = (78)

Since vgLpLG > e and (1 + ppgonc s 1y >1 the sum A4°+ C<0. The sum B"+E°

Xp

(14 prLg) = E* > 0. Accordingly, the ratio % is negative and the growth rate is positive
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£°> 0. Thus, in this case the flow in a heated micro-channel is unstable at any value of the Peclet

number.
In the second case, the growth rate is expressed as

=y {m B s o)) (79)

Since fi, >0 and A° + C° <0, the growth rate is positive and the flow is also unstable.
In the third case, Eq. (77) is transformed to a form similar to Eq. (C.5) (Appendix C)

a” + b + e +d =0 (80)

with the coefficients a, b, ¢ and d expressed as a = E°( ;/2 + pL_Gﬁi/z), b=RB,c= }/ZC’, d=A".

Estimations show that the determinant
D=gq¢*+P (81)

that is defined by correlations (31) and (32) and coefficients a, b, ¢ and d are negative. This means
that Eq. (80) has three real roots, which are

4 b
éfl/z = —2r,C08= — —

3 3a
ol/2 4 b
&y = 2r.cos <60 - §> 3 (82)

o2 4 b
&y = —2r.cos (60 + §> 3

where cos ¢ = %; r. = /| P. |, sign r, is the same as sign g..

At realistic flow conditions cos¢ ~ 0 and ¢ is close to 7/2. Under these conditions, in any case,
one of the roots of (82) is positive. This shows that the capillary flow in a capillary tube is unstable
at large &°.

The above consideration shows that flow instability in a heated capillary tube develops under
conditions of high wall heat fluxes, which are the main factor determining the flow regimes. The
evolution of the capillary flow is due to changes of heat flux on the wall that may be presented as
follows. At relatively small ¢,,, when the rate of liquid evaporation is small and the height of the
rising liquid is close to the adiabatic one, a stable laminar flow takes place. In this case, the equi-
librium of the two-phase system is determined by the equality of gravity and capillary forces,
whereas the influence of the friction forces and heat losses to cooling inlet is negligible. On the
contrary, at high wall heat fluxes, the dominant role is played by the friction and capillary forces,
as well as loss to inlet. Under these conditions, a small deviation from equilibrium leads to pro-
gressive (exponential) growth of disturbances i.e. development of flow instability. The latter is dis-
played in oscillations of the velocity and temperature of both phases, as well as oscillations of the
position of the meniscus.
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7. Conclusion

We have used the quasi-one-dimensional model describing the dynamics of flow in a heated
capillary tube, with a distinct interface, to study flow instability at small and moderate Peclet
numbers. The effect of heat flux and capillary pressure oscillations on the stability of laminar flow
has been estimated. It has been shown that the stability of the flow, with evaporating meniscus,
depends (other conditions being equal) on the wall heat flux. The latter determines the rate of lig-
uid evaporation, equilibrium acting forces, meniscus position, as well as the heat losses to the
cooling inlet. The stable stationary flow with fixed meniscus position corresponds to low wall heat
fluxes (Pe < 1). In contrast, at high wall heat fluxes (Pe < 1) an exponential increase of small dis-
turbances takes place. This leads to a transition from stable stationary to unstable flow with oscil-
lating meniscus.
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Appendix A. Perturbed equations

In the case when capillary flow undergoes small perturbations, the governing parameters J; can
be presented as a sum of their basic values, corresponding to the stationary flow J;, plus small
perturbations J;

where J;=u, P, T, h, p and q. i o
For flow of incompressible fluid (p; = const., p; =0, % =0, 57 = 0) the substitution of (A.1) in

Egs. (1)+(3) leads, in a linear approximation, to the following system of equations:

P 0
—a_]’l;+—*a_ili+— ’aili+—*a_}l;—g “M +g+4
Pige TP TPy TP T e\ Ox 174

where subscript i = G, L corresponds to vapor and liquid, %, respectively.
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The equations for stationary flow

du;

=0
dx
dpP, _ dF;
o TPt =0 (A.3)

c dr; d 5, 4% dT; ta

i

pl pl dx dx dx

we obtain from (A.2) the equations for small perturbations of velocity, pressure, temperature and
enthalpy, as well as the specific volumetric rate of heat absorption. Assuming that #; = ¢, T; we

arrive at

ou,
i
Ox
Oup 1 oP; n OF
o o \x T (A4)
GT;+ ’aT"+* oT; _ 9 ( 0T, L
o e T T M) T
where o; = -% is the thermal diffusivity, §, = f’c Substitution of (A.1) in conditions (5)—(7) leads

(in linear approx1mat10ns) to the following system of equations:

— — 12 dx;‘ — = / d‘x;‘
PG “G"’UG_E =PL UL+uL—E

Pg + Pg + pg (g + 2uigug) = P+ P+ py (i + 2ucuy) + [, + f,

po <uGIZG +h + ighl — hg %/f) — g aa_Tx — g aaTx/ A
pL (uLhL + up hy + uphy — hy ?—f) L @aTL AL aaT,
Here x; = X¢ + x¢, x¢ is the liquid height in the capillary.
For stationary flow
PGlic = pLiuL
Pc + pgiig, = P+ priy + [, (A.6)

- oT - . oT
plchc — AGG—xG = ppuphy, — ALa—xL
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we obtain from (A.5) equations for the oscillations at the meniscus surface

P — — dx/
(Pl — priy) = (P — PL) —, dr
(PG — Pp) = 2ppn(uy, —ug) + 1, (A7)
oy p T 4~ 7 dx; | 0T, oT;
puii(hg = hy) + (pohaug — puhiuy) — (pehe — pLhu) — T a—zG — AL a—tL

where h = ¢, T, h.—,, = c,T, T is the temperature of the interface that is assumed to be constant
and equal to the saturation temperature. The small perturbations of pressure practically do not
influence 7 because of weak dependence T(P;) (Reid et al., 1987).

Appendix B. Perturbed energy equation for small Peclet number

The dimensionless form of Eq. (11) is

~/
oT, 0T, _oT, T,
Pl — por! 19/ B.1
Gtim i M w (B
where St = ‘/u‘”* and  Pe; = L_z 7are~/the Strouhal and Peclet numbers, respectively,
19;: ” == T,»:%, Ti:%,x——andt ny,, 0*, u,, T, and ., are charac-

teristic scales of the length, velocity, temperature and time.

The first terms on the left- and right-hand sides of Eq. (B.1) are on the order of St and Pe™ ',
respectively, whereas the second and third terms on the left-hand side of Eq. (B.1) have the order
of one. When Pe < <1 and St <1 it is possible to omit the terms accounting convective heat
transfer that is due to oscillations and present Eq. (10) as follows:

oT, aZT’
or a o2

L+, (B.2)

Appendix C. Dispersion equation

Using expressions (17), (20), (26) and (29) for the velocity, pressure, temperature and meniscus
position oscillations, as well as Egs. (21) and (29) for &; and n;, we arrive at the system of algebra-
ical equations for unknown amplitudes Ag, Ay and C.
Aoy + Arag s + Coyz =0
Agon + Ardyn =0 (C.1)
Agos + ALy + Cozz =0

where

=P, 2= —pL, oi3=—2ps—pr)
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oy = (kapgXe +2ppu), 0oy = —(kuppXp + 2pp i)

. _ he . g
w1 = (UL + pgL q_ —oGPgLNG |, U3 = (uL+ q_ —opng

e

hc hy
o33 = Quy (pGLq_ - q—>’ PcL = Pc/PL

Note that the system (C.1) is valid for small deviations of the interface from Xy when nx{ < 1
and exp(n x¢) ~ 1. Estimations show that the term Cas; in the thermal balance equation on the
interface is small in comparison with the term 4gas; and Apos,. Besides, since PGLy hs « 1 and

h 1, it is possible to neglect the second term in the expressions for coefficients oc31 and as,
and assume that &3 = (. — agpGLMG), O3 = (up — apng). Then the nontrivial solution of Egs.
(C.1) corresponds to the following condition:

o G 03
O O0» 0 ]=0 (C.2)
a3 oz 0
From (C.2), it follows:
&13(5{21&32 - &22&31) =0 (C3>
The case a3 = 0 corresponds to condition Q = 0 (stationary regime), we obtain the following dis-
persion equation for Q # 0:
5(215(32 — &225(31 = 0 (C4)
The specific form of the dependence of the complex frequency 2 on parameters of the problem
found by Eq. (C.4) is presented as follows:
a. QP+ b.Q4¢,Q"+d, =0 (C.5)

where

12 —1,2
a.=(1+ O‘G/.LPL.G)O‘L / )

uL

b, =——(1—
ocL( pLG)

32 u
c, = —{ 7 va(l — vLAGOCé}/,i) + 2PL4GX_?(1 - pG-L“gé)}

%"_‘
-

32 u

VG — (1 - VLGPLG)

d, =
d2 oL
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and the ratio of characterlstlc parameters, corresponding to liquid and gaseous phases, is ex-

pressed as o;; =3, p;; =", v = If
Introducing a new Varlable
b
=Q? 4= C.6
y +3. (C.6)
we reduce Eq. (C.5) to the form
¥y +3P.y+2q, =0 (C.7)
where
20 b, d.
2‘]* - - E)
27a>  3a’>  a.
2 (C.8)
3p. — 3a.c, — b;
T 342

*

Appendix D. Solution of the dispersion equation

Eq. (30) has three roots: three real or one real and two complex, depending on the value of
determinant D = ¢> + P? (Korn and Korn, 1968). Since our aim is to determine the complex fre-
quency 2, we will consider the complex solution of Eq. (30) only.

In the case when ¢> + P2 > 0 and P. <0, the complex roots of Eq. (30) are

b,
Q}/z = (r* cosh +1V/3r, sinh 3> 3 (D.1)
. . b,
Qh/z = (r* cosh% — V37, sinh %) Ey (D.2)
where cosh ¢ =%, = ++/| P. |, the sign of r, is the same as sign of g..
In the case when P > 0 the complex roots of Eq. (30) are
12 . 9 . 9 _ b*
Q' = (r* sinh 3 +iV/3r, cosh 3> 3. (D.3)
. . b,
Qh/z = (r* smh% — V37, cosh ?) Y (D.4)

where sinh ¢ =%.
Since Q = ¢ +i|y| and
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Q' = {\/\/52+ | W+é+i\/\/ Et Yl - é} (D-3)

we split Egs. (D.1), (D.2) and (D.3), (D.4) into real and imaginary parts. As a result we obtain
expressions for the growth rate and frequency of oscillations

2
&= <r* cosh% — 3b; ) — 3rfsinh2% (D.6)
o |= ‘4(1/* cosh% — 3ba* )\/gr* Sinh% (D.7)
for the case ¢> + P > 0,P, < 0 and
b\’
&= <r* sinh% ~3 > - 3ricosh2% (D.8)
b.
| o |= ‘4(1/* sinh% ~ 3 )\/gr* cosh?‘ (D.9)

for the case P. > 0.

Appendix E. Perturbed energy equation for moderate Peclet number

When the temperature T of the interface is constant, and wall heat flux is also constant, tem-
perature oscillations are the result of the meniscus displacement along micro-channel axis. They
are expressed as

, 41,  ,dT; = ,dT;
T =x o =" dx—f—x 0 (E.1)

Neglecting the term containing the product of oscillations, we obtain
S d7; d7} _ . d’T;
! dx " dx dx?
The oscillations of the meniscus position x’ can be estimated as follows:
X =uy, (E.3)

where u/ is the characteristic oscillation velocity (order of liquid oscillation velocity).

Convective heat transfer that is due to oscillations determines the second and the third terms on
the left-hand side of Eq. (10). From Egs. (E.2) and (E.3), we estimate the values of these terms.
For this, we consider the ratio of the third term to the second one

(E.2)
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2T,
_ aT; _ 8"21
uia . 1 u; X
%

1 Ox
where St, = éu‘,”

The temperature distribution in a heated micro-channel is described by the following correla-
tion (Peles et al., 2001):

T=CV 40, +Pe )+ CY exp(Pe; &) (E.5)

(E.4)

u

where the constants CY) and C(zi) are expressed as
e =1 -c¥y—v/Pe;
Cy) = (T = 1) = 0u5]]/fexp(Pei ;) — 1]
C\7 =T, — V6% + Pe' ) — C exp(Pe;37)
C = —0g /[Peg exp(Peg;)]

(E.6)

Here superscripts G and L correspond to vapor and liquid, respectively; characteristic length
L. = £ is the length of the capillary tube, T. = Ty j, is the inlet liquid temperature.

The temperature distribution in a heated micro-channel is not uniform (Fig. 6, Peles et al.,
2000). The liquid entering the channel absorbs heat from the walls and its temperature increases.
As the liquid flows toward the evaporating front, it reaches a maximum temperature and then the
temperature begins to decrease up to a saturated temperature. Within the vapor domain, the tem-
perature increases monotonically from saturation temperature 7 up to outlet temperature 7.

The module of ratio of the second order derivative 6@% to the first-order one f’a—z is

@ (l) 2 ~
w2)|  Cy Pei”exp(Peix")
( 71‘) 1 — C(2i>Pef exp(Pe;x")

ox*

(E.7)

/

>
>
X

0 X

Fig. 6. Temperature oscillation along a heated micro-channel.
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Fig. 7. The dependences i (Pe") and X{(Pe").

The value of the ratio ¢ = (%iTz‘) /(&%) depends on the Peclet number, as well as on the meniscus

position in stable state x;. The dependence of the lowest meniscus position X, on Pe, for
¢ =1 1s shown in Fig. 7. It is seen that in the range 0.1 < Pe. <1 and x; > X, ¢ = 1. Thus,
the value of the r.h.s of Eq. (E.4) determines the multiplier % % When St ~ 1, %% > 1. Since
;> u}. In this case it is possible to omit the second term in the Lh.s of Eq. (10) and it takes
the following form:

or; _ oT; 0 oT;
o T T (“" 6x> (E3)
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